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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
Characterizing the path of a hydraulic fracture in a heterogeneous medium is one of the challenges of current research on
hydraulic fracturing. We present here a 2D lattice hydro-mechanical model for this purpose.
Natural joints are represented introducing elements with a plastic-damage behaviour. The action of fluid pressure on skeleton is
represented using Biot’s theory. The interactions of cracks on fluid flow are represented considering a Poisueille’s flow between
two parallel plates. The model is simplified by neglecting the effect of deformation in the equation governing fluid flow. Numerical
coupling is achieved with a staggered coupling scheme.
We consid r first the propagatio of fractur restricted to th homogeneous case. The numerical model is compared to analytical
solutions. It is found that the model is consistent with LEFM in the pure mechanic l case, and with analytical solutions from the
literature in the case where the leak off is d minant. In very tight formations, deviations are obs rved, as expected, cause f the
assumption in the fl w model.
Finally, the influence of a natural joint of finite length crossed by the fracture is shown. Tw cases are considered, the case of
a joint perpendicular to the crack and the case of an inclined joint. In the first case, the crack passes through the joint, which is
damaged due to the intrusion of the fluid. In the second case, the crack follows the joint and propagation starts again from the tip.
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1. Introduction
Crack propagation under fluid injection is a coupled and complex problem with various applications, from
magma transport in the lithosphere to oil and gas reservoir stimulation from the 40’s (Economides and Nolte, 2000).
Different coupled effects have been studied in the literature such as the interaction between different stimulated cracks
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(Lecampion and Desroches, 2015), the influence of the spatial variation of the rock mechanical properties on the
crack extensions (King, 2010), the proppant capacity to fill the crack space and its influence on the crack openings
(Cipolla et al., 2010) or the influence of dynamic sollicitations on the variation of the rock global permeability (Chen
et al., 2012).
For homogeneous materials, different analytical solutions have been proposed for bi-wing crack configurations.
For the KGD1 configuration, see e.g. Khristianovic and Zheltov (1955) or Geertsma and De Klerk (1969). For the
PKN2 configuration, see e.g. Perkins and L. R. Kern (1961), Nordgren (1972) or Adachi and Detournay (2008).
For a comparison of the two, see e.g. Geertsma and Haafkens (1979). These analytical solutions predict the width
and extend of hydraulically-induced fractures by taking into account the fluid transfer within the matrix through
a Carter’s leak-off coefficient (Howard and Fast, 1957) but to solve the problem analytically, different asymptotic
regimes are distinguished. For instance the fluid flow may be dominated by the leak-off or the fluid may preferentially
stored within the propagating crack. The mechanical energy may be preferentially dissipated through the matrix
fracture (toughness-dominated) or through frictional shear forces within the fluid (viscosity-dominated) (e.g. see
Bunger et al., 2005, for a study of a toughness-dominated hydraulic fracture with leak-off). For intermediate cases,
the global model cannot be solved analytically and numerical modeling is needed to characterise width and extend of
hydraulically-induced fractures and there interactions with the natural network of pre-existing joints.
The mechanical and hydraulic behaviour of a rock formation is highly dominated by the natural network of
pre-existing joints. This is particularly the case for source rocks, which have been intensively fractured hydraulically
for oil and gas extraction (see e.g. Engelder et al., 2009, for a description of middle and upper devonian gas shales
of the Appalachian basin, Gale et al., 2007, for a description of natural fractures in a Barnett shale or Warpinski and
Teufel, 1987, for the influence of geologic discontinuities on hydraulic fracture propagation). Natural joints may have
been cemented by geological fluid flows and the global permeability of the system will highly depend on the capacity
of the hydraulic fracture to reactive these natural joints.
This research study aims at developing a lattice-type numerical model allowing the simulation of crack propagation
under fluid injection in a quasi-brittle heterogeneous medium. A lattice-based modeling description has been chosen
because it has been shown in previous studies that this mesoscale approach is capable not only to provide consistent
global responses (e.g. Force v.s. CMOD responses, see Grassl et al., 2012, or Gre´goire et al., 2015) but also to capture
the local failure process realistically (see Gre´goire et al., 2015, or Lefort et al., 2015). Moreover, this numerical
model is based on a dual Vorono/Delaunay description, which is very efficient to represent dual mechanical/hydraulic
couplings (Grassl et al., 2015). Therefore, this numerical tool will be used here to get a better understanding of
initiation and propagation conditions of cracks in rock materials presenting natural joints where the coupling between
mechanical damage and fluid transfer properties are at stake.
This paper is organized as follows. After having briefly recalled in Section 2 the lattice model used in this paper, we
proceed in Section 3 to the comparisons to analytical solutions. It is found that the model is consistent with LEFM in
the pure mechanical case, and with analytical solutions from the literature in the case where the leak off is dominant.
In very tight formations, deviations are observed, as expected, because of the assumption in the flow model. Section 4
presents the influence of a natural joint of finite length crossed by the fracture is shown. Two cases are considered, the
case of a joint perpendicular to the crack and the case of an inclined joint. In the first case, the crack passes through the
joint, which is damaged due to the intrusion of the fluid. In the second case, the crack follows the joint and propagation
starts again from the tip.
1 Kristonovich-Geertsma-de Klerk
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crack extensions (King, 2010), the proppant capacity to fill the crack space and its influence on the crack openings
(Cipolla et al., 2010) or the influence of dynamic sollicitations on the variation of the rock global permeability (Chen
et al., 2012).
For homogeneous materials, different analytical solutions have been proposed for bi-wing crack configurations.
For the KGD1 configuration, see e.g. Khristianovic and Zheltov (1955) or Geertsma and De Klerk (1969). For the
PKN2 configuration, see e.g. Perkins and L. R. Kern (1961), Nordgren (1972) or Adachi and Detournay (2008).
For a comparison of the two, see e.g. Geertsma and Haafkens (1979). These analytical solutions predict the width
and extend of hydraulically-induced fractures by taking into account the fluid transfer within the matrix through
a Carter’s leak-off coefficient (Howard and Fast, 1957) but to solve the problem analytically, different asymptotic
regimes are distinguished. For instance the fluid flow may be dominated by the leak-off or the fluid may preferentially
stored within the propagating crack. The mechanical energy may be preferentially dissipated through the matrix
fracture (toughness-dominated) or through frictional shear forces within the fluid (viscosity-dominated) (e.g. see
Bunger et al., 2005, for a study of a toughness-dominated hydraulic fracture with leak-off). For intermediate cases,
the global model cannot be solved analytically and numerical modeling is needed to characterise width and extend of
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The mechanical and hydraulic behaviour of a rock formation is highly dominated by the natural network of
pre-existing joints. This is particularly the case for source rocks, which have been intensively fractured hydraulically
for oil and gas extraction (see e.g. Engelder et al., 2009, for a description of middle and upper devonian gas shales
of the Appalachian basin, Gale et al., 2007, for a description of natural fractures in a Barnett shale or Warpinski and
Teufel, 1987, for the influence of geologic discontinuities on hydraulic fracture propagation). Natural joints may have
been cemented by geological fluid flows and the global permeability of the system will highly depend on the capacity
of the hydraulic fracture to reactive these natural joints.
This research study aims at developing a lattice-type numerical model allowing the simulation of crack propagation
under fluid injection in a quasi-brittle heterogeneous medium. A lattice-based modeling description has been chosen
because it has been shown in previous studies that this mesoscale approach is capable not only to provide consistent
global responses (e.g. Force v.s. CMOD responses, see Grassl et al., 2012, or Gre´goire et al., 2015) but also to capture
the local failure process realistically (see Gre´goire et al., 2015, or Lefort et al., 2015). Moreover, this numerical
model is based on a dual Vorono/Delaunay description, which is very efficient to represent dual mechanical/hydraulic
couplings (Grassl et al., 2015). Therefore, this numerical tool will be used here to get a better understanding of
initiation and propagation conditions of cracks in rock materials presenting natural joints where the coupling between
mechanical damage and fluid transfer properties are at stake.
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the pure mechanical case, and with analytical solutions from the literature in the case where the leak off is dominant.
In very tight formations, deviations are observed, as expected, because of the assumption in the flow model. Section 4
presents the influence of a natural joint of finite length crossed by the fracture is shown. Two cases are considered, the
case of a joint perpendicular to the crack and the case of an inclined joint. In the first case, the crack passes through the
joint, which is damaged due to the intrusion of the fluid. In the second case, the crack follows the joint and propagation
starts again from the tip.
1 Kristonovich-Geertsma-de Klerk
2 Perkins-Kern-Nordgren
2700 David Grégoire et al. / Procedia Structural Integrity 2 (2016) 2698–2705
D. Gre´goire et al. / Structural Integrity Procedia 00 (2016) 000–000 3
2. Lattice modeling
2.1. Mechanical description
2.1.1. Matrix description
A 2D plane-stress lattice model is used to characterize the initiation and propagation conditions of cracks in
rock materials presenting natural joints. This lattice model is based on the numerical framework proposed by
Grassl and Jirasek (Grassl and Jira´sek, 2010). It has been shown in previous studies that this mesoscale approach
is capable not only to provide consistent global responses (e.g. Force v.s. CMOD responses) (Grassl et al., 2012;
Gre´goire et al., 2015) but also to capture the local failure process realistically (Gre´goire et al., 2015) for quasi-brittle
materials such as concrete or rocks. The numerical procedure is briefly presented in this section. The reader may refer
to references (Grassl and Jira´sek, 2010; Grassl et al., 2012; Gre´goire et al., 2015; Lefort et al., 2015) for further details.
The matrix is supposed to be homogeneous at the scale of the study and the lattice is made of beam elements,
which idealize the material structure. The matrix structure is meshed by randomly locating nodes in the domain, such
that a minimum distance is enforced. The lattice elements result then from a Delaunay triangulation (solid lines in
figure 1a) whereby the middle cross-sections of the lattice elements are the edges of the polygons of the dual Voronoi
tesselation (dashed lines in figure 1a).
lattice elementcross section
(a) (b) (c)
Fig. 1: (a) Set of lattice elements (solid lines) with middle cross-sections (dashed lines) obtained from the Voronoi tessellation of the domain. (c)
and (d) Lattice element in the global coordinate system (Reproduced from Grassl et al. (2012)).
Each node has three degrees of freedom: two translations (u, v) and one rotation (φ) as depicted in figure 1c. In
the global coordinate system, the degrees of freedom of nodes 1 and 2, noted ue = (u1, v1, φ1, u2, v2, φ2)T , are linked
to the displacement jumps in the local coordinate system of point C, uc = (uc, vc, φc)T . See (Grassl and Jira´sek, 2010;
Grassl et al., 2012; Gre´goire et al., 2015; Lefort et al., 2015) for details.
An isotropic damage model is used to describe the mechanical response of lattice element within the matrix.
The elastic constants and the model parameters in the damage models are calibrated from an inverse analysis
technique.
2.2. Natural joint description
Natural joints are explicitly described within the model with beam elements with a new elasto-plastic damage
constitutive law (figure 2). The originality of the model lies in the coupling between mechanical damage under normal
strain and plasticity under tangential strain. Mechanical damage induces a decrease of the material cohesion whereas
the plastic strains, in both normal and tangential directions, participate to the damage evolution. This new constitutive
4 D. Gre´goire et al. / Structural Integrity Procedia 00 (2016) 000–000
Lattice points on both sides of the natural joints
Joint explicitly meshed within the lattice description
Polyhedral interfaces
Mechanical beam elements representing the joint constitutive behaviour
Ghost elements with zero-section
Fig. 2: Lattice description of a 30o inclined natural joint of finite length.
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Fig. 3: Comparison between experimental and numerical results for an indirect shear test.
law is able to reproduce indirect shear experimental tests performed on mortar specimens presenting a plaster joint
where a classical Mohr-Coulomb criterion fails (see Figure 3) .
2.3. Hydraulic description
The hydro-mechanical coupling is introduced through a poromechanical framework based on the intrinsic and dual
hydro-mechanical description of the lattice model, which is based on a hydraulic Voronoi tessellation and a mechanical
Delauney triangulation (figure 4). The total stress links the mechanical stress and the pore pressure through the Biot
coefficient of the medium whereas the local permeability, which drives the hydraulic pressure gradient, depends on the
local crack openings. The following assumptions are made: the matrix porosity is connected and its volume depends
on the fluid pressure; the fluid saturates the porous medium and is incompressible; only laminar flows are considered
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Fig. 4: Dual mechanical/hydraulic lattice description.
and gravity effects are neglected. The model is simplified by neglecting the effect of deformation in the equation
governing fluid flow. Numerical coupling is achieved with a staggered coupling scheme.
3. Comparisons to analytical solutions
3.1. LEFM comparison for an impermeable crack
Linear elastic fracture mechanics (LEFM) links the fluid pressure to the crack extend for quasi-static stable crack
propagation. In this section and for LEFM comparison purposes the crack path is pre-meshed within the lattice model-
ing. The surrounding matrix is assumed perfectly elastic and impermeable. A fluid flow is imposed in a short prenotch
and net pressure versus crack tip abscissa are compared in Figure 5. A good agreement is observed as soon as the
crack extend is high enough to neglect the fracture process zone influence.
3.2. Leak-off representation and comparison with Carter’s model
When an hydraulically stimulated crack propagates within a permeable medium, its extend depends on the so-
called leak-off, the quantity of fluid which drives out within the matrix. Carter’s model represents the leak-off as an
unidimensional diffusive flow perpendicular to the crack lips. For comparison purposes, we propose a simple hydraulic
problem where a fully saturated beam is submitted to a pressure gradient (figure 6). A good agreement is observed for
this simple diffusive flow problem.
3.3. Analytical comparison for a permeable crack
Bunger et al., 2005 presents an analytical solution for the study of a toughness-dominated hydraulic fracture with
leak-off. The geometry presented in figure 5 is used with a permeable crack. Since the analytical solution presented by
Bunger et al., 2005 is based on brittle fracture, the crack path is still pre-meshed within the lattice modeling. Figure 7
presents the comparison between the analytical solution and the lattice results in term of crack extend evolution with
time and crack opening repartition.
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4. Influence of a natural joint on the hydraulic fracture crack path
Since the model has been validated by different analytical comparisons in section 3, we propose here to study the
free propagation of an hydraulically-induced fracture and its interaction with a pre-existing joint. The crack path is
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Fig. 7: Comparison between the lattice results and an analytical solution for a toughness-dominated hydraulic fracture with leak-off (Bunger et al.,
2005): (a) crack extend evolution with time; (b) crack opening/aperture repartition at t = 100s.
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Fig. 8: Influence of a 45o inclined joint on the crack path of a hydraulically-induced fracture: (a) crack path after t = 100s; (b) pressure repartition
after t = 100s.
not pre-meshed and is a direct results of the lattice modeling (Figure 8.a) as well as the pressure repartition within the
host matrix (Figure 8.b).
5. Concluding remarks
In this paper, a new hydro-mechanical coupled lattice-based model has been proposed for 2D-simulation of crack
propagation induced by fluid injection in heterogeneous quasi-brittle materials. The hydro-mechanical coupling is
introduced through a poromechanical framework based on the intrinsic and dual hydro-mechanical description of the
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lattice model. Different configurations have been studied to test the relevance of the lattice description. It has been
shown that it is capable of representing the crack propagation in both impermeable and permeable media by taking into
account the leak-off phenomena accurately. A new elasto-plastic damage constitutive law has been proposed to mimic
natural joint behaviour. This new constitutive law is able to reproduce indirect shear experimental tests performed on
mortar specimens presenting a plaster joint where a classical Mohr-Coulomb criterion fails. Within this framework,
the influence of a 45o inclined joint on the crack path of a hydraulically-induced fracture has been studied and pressure
repartition within the host matrix has been presented.
Acknowledgements
Financial support from TOTAL Exploration & Production and Conseil Ge´ne´ral des Pyre´ne´es Atlantique (CG64)
is gratefully acknowledged. The authors wish also to acknowledge the University of Bordeaux and Universite´ Pau &
Pays Adour, for the use of clusters AVAKAS and PYRENE respectively.
References
Adachi, J., Detournay, E., 2008. Plane strain propagation of a hydraulic fracture in a permeable rock. Engineering Fracture Mechanics 75,
4666–4694.
Bunger, A., Detournay, E., Garagash, D., 2005. Toughness-dominated hydraulic fracture with leak-off. International Journal of Fracture 134,
175–190.
Chen, W., Maurel, O., Reess, T., De Ferron, A., La Borderie, C., Pijaudier-Cabot, G., Rey-Bethbeder, F., Jacques, A., 2012. Experimental study
on an alternative oil stimulation technique for tight gas reservoirs based on dynamic shock waves generated by Pulsed Arc Electrohydraulic
Discharges. Journal of Petroleum Science and Engineering 88-89, 67–74.
Cipolla, C., Warpinski, N., Mayerhofer, M., Lolon, E., Vincent, M., 2010. The Relationship Between Fracture Complexity, Reservoir Properties,
and Fracture-Treatment Design. SPE Production & Operations 25, 1–25.
Economides, M., Nolte, K., 2000. Reservoir Stimulation. John Wiley & Sons Ltd, West Sussex, England.
Engelder, T., Lash, G., Uzca´tegui, R., 2009. Joint sets that enhance production from Middle and Upper Devonian gas shales of the Appalachian
Basin. AAPG Bulletin 93, 857–889.
Gale, J., Reed, R., Holder, J., 2007. Natural fractures in the Barnett Shale and their importance for hydraulic fracture treatments. AAPG Bulletin
91, 603–622.
Geertsma, J., De Klerk, F., 1969. A Rapid Method of Predicting Width and Extent of Hydraulically Induced Fractures. Journal of Petroleum
Technology 21, 1571–1581.
Geertsma, J., Haafkens, R., 1979. A Comparison of the Theories for Predicting Width and Extent of Vertical Hydraulically Induced Fractures.
Journal of Energy Resources Technology 101, 8.
Grassl, P., Fahy, C., Gallipoli, D., Wheeler, S.J., 2015. On a 2D hydro-mechanical lattice approach for modelling hydraulic fracture. Journal of the
Mechanics and Physics of Solids 75, 104–118.
Grassl, P., Gre´goire, D., Rojas-Solano, L., Pijaudier-Cabot, G., 2012. Meso-scale modelling of the size effect on the fracture process zone of
concrete. International Journal of Solids and Structures 49, 1818–1827.
Grassl, P., Jira´sek, M., 2010. Meso-scale approach to modelling the fracture process zone of concrete subjected to uniaxial tension. International
Journal of Solids and Structures 47, 957–968.
Gre´goire, D., Verdon, L., Lefort, V., Grassl, P., Saliba, J., Regoin, J., Loukili, A., Pijaudier-Cabot, G., 2015. Mesoscale analysis of failure in quasi-
brittle materials: comparison between lattice model and acoustic emission data. International Journal for Numerical and Analytical Methods in
Geomechanics 39, 1639–1664.
Howard, G., Fast, C.R., 1957. Optimum Fluid Characteristics for Fracture Extension. Proceedings of the American Petroleum Institute , 261–270.
Khristianovic, S., Zheltov, Y., 1955. Khristianovic, S.A., Zheltov, Y.P., in: 4th World Petroleum Congress, Carlo Colombo, Rome., Rome. pp.
579–586.
King, G., 2010. Thirty years of gas-shale fracturing: What have we learned? JPT Journal of Petroleum Technology 62, 88–90.
Lecampion, B., Desroches, J., 2015. Simultaneous initiation and growth of multiple radial hydraulic fractures from a horizontal wellbore. Journal
of the Mechanics and Physics of Solids 82, 235–258.
Lefort, V., Pijaudier-Cabot, G., Gre´goire, D., 2015. Analysis by Ripleys function of the correlations involved during failure in quasi-brittle materials:
Experimental and numerical investigations at the mesoscale. Engineering Fracture Mechanics 147, 449–467.
Nordgren, R., 1972. Propagation of a Vertical Hydraulic Fracture. Society of Petroleum Engineers Journal 12, 306–314.
Perkins, T.K., L. R. Kern, 1961. Widths of Hydraulic Fractures. Journal of Petroleum Technology 13, 937 – 949.
Warpinski, N., Teufel, L., 1987. Influence of Geologic Discontinuities on Hydraulic Fracture Propagation. Journal of Petroleum Technology ,
209–220.
 David Grégoire et al. / Procedia Structural Integrity 2 (2016) 2698–2705 2705
D. Gre´goire et al. / Structural Integrity Procedia 00 (2016) 000–000 7
(a) (b)
Fig. 7: Comparison between the lattice results and an analytical solution for a toughness-dominated hydraulic fracture with leak-off (Bunger et al.,
2005): (a) crack extend evolution with time; (b) crack opening/aperture repartition at t = 100s.
(a) (b)
Fig. 8: Influence of a 45o inclined joint on the crack path of a hydraulically-induced fracture: (a) crack path after t = 100s; (b) pressure repartition
after t = 100s.
not pre-meshed and is a direct results of the lattice modeling (Figure 8.a) as well as the pressure repartition within the
host matrix (Figure 8.b).
5. Concluding remarks
In this paper, a new hydro-mechanical coupled lattice-based model has been proposed for 2D-simulation of crack
propagation induced by fluid injection in heterogeneous quasi-brittle materials. The hydro-mechanical coupling is
introduced through a poromechanical framework based on the intrinsic and dual hydro-mechanical description of the
8 D. Gre´goire et al. / Structural Integrity Procedia 00 (2016) 000–000
lattice model. Different configurations have been studied to test the relevance of the lattice description. It has been
shown that it is capable of representing the crack propagation in both impermeable and permeable media by taking into
account the leak-off phenomena accurately. A new elasto-plastic damage constitutive law has been proposed to mimic
natural joint behaviour. This new constitutive law is able to reproduce indirect shear experimental tests performed on
mortar specimens presenting a plaster joint where a classical Mohr-Coulomb criterion fails. Within this framework,
the influence of a 45o inclined joint on the crack path of a hydraulically-induced fracture has been studied and pressure
repartition within the host matrix has been presented.
Acknowledgements
Financial support from TOTAL Exploration & Production and Conseil Ge´ne´ral des Pyre´ne´es Atlantique (CG64)
is gratefully acknowledged. The authors wish also to acknowledge the University of Bordeaux and Universite´ Pau &
Pays Adour, for the use of clusters AVAKAS and PYRENE respectively.
References
Adachi, J., Detournay, E., 2008. Plane strain propagation of a hydraulic fracture in a permeable rock. Engineering Fracture Mechanics 75,
4666–4694.
Bunger, A., Detournay, E., Garagash, D., 2005. Toughness-dominated hydraulic fracture with leak-off. International Journal of Fracture 134,
175–190.
Chen, W., Maurel, O., Reess, T., De Ferron, A., La Borderie, C., Pijaudier-Cabot, G., Rey-Bethbeder, F., Jacques, A., 2012. Experimental study
on an alternative oil stimulation technique for tight gas reservoirs based on dynamic shock waves generated by Pulsed Arc Electrohydraulic
Discharges. Journal of Petroleum Science and Engineering 88-89, 67–74.
Cipolla, C., Warpinski, N., Mayerhofer, M., Lolon, E., Vincent, M., 2010. The Relationship Between Fracture Complexity, Reservoir Properties,
and Fracture-Treatment Design. SPE Production & Operations 25, 1–25.
Economides, M., Nolte, K., 2000. Reservoir Stimulation. John Wiley & Sons Ltd, West Sussex, England.
Engelder, T., Lash, G., Uzca´tegui, R., 2009. Joint sets that enhance production from Middle and Upper Devonian gas shales of the Appalachian
Basin. AAPG Bulletin 93, 857–889.
Gale, J., Reed, R., Holder, J., 2007. Natural fractures in the Barnett Shale and their importance for hydraulic fracture treatments. AAPG Bulletin
91, 603–622.
Geertsma, J., De Klerk, F., 1969. A Rapid Method of Predicting Width and Extent of Hydraulically Induced Fractures. Journal of Petroleum
Technology 21, 1571–1581.
Geertsma, J., Haafkens, R., 1979. A Comparison of the Theories for Predicting Width and Extent of Vertical Hydraulically Induced Fractures.
Journal of Energy Resources Technology 101, 8.
Grassl, P., Fahy, C., Gallipoli, D., Wheeler, S.J., 2015. On a 2D hydro-mechanical lattice approach for modelling hydraulic fracture. Journal of the
Mechanics and Physics of Solids 75, 104–118.
Grassl, P., Gre´goire, D., Rojas-Solano, L., Pijaudier-Cabot, G., 2012. Meso-scale modelling of the size effect on the fracture process zone of
concrete. International Journal of Solids and Structures 49, 1818–1827.
Grassl, P., Jira´sek, M., 2010. Meso-scale approach to modelling the fracture process zone of concrete subjected to uniaxial tension. International
Journal of Solids and Structures 47, 957–968.
Gre´goire, D., Verdon, L., Lefort, V., Grassl, P., Saliba, J., Regoin, J., Loukili, A., Pijaudier-Cabot, G., 2015. Mesoscale analysis of failure in quasi-
brittle materials: comparison between lattice model and acoustic emission data. International Journal for Numerical and Analytical Methods in
Geomechanics 39, 1639–1664.
Howard, G., Fast, C.R., 1957. Optimum Fluid Characteristics for Fracture Extension. Proceedings of the American Petroleum Institute , 261–270.
Khristianovic, S., Zheltov, Y., 1955. Khristianovic, S.A., Zheltov, Y.P., in: 4th World Petroleum Congress, Carlo Colombo, Rome., Rome. pp.
579–586.
King, G., 2010. Thirty years of gas-shale fracturing: What have we learned? JPT Journal of Petroleum Technology 62, 88–90.
Lecampion, B., Desroches, J., 2015. Simultaneous initiation and growth of multiple radial hydraulic fractures from a horizontal wellbore. Journal
of the Mechanics and Physics of Solids 82, 235–258.
Lefort, V., Pijaudier-Cabot, G., Gre´goire, D., 2015. Analysis by Ripleys function of the correlations involved during failure in quasi-brittle materials:
Experimental and numerical investigations at the mesoscale. Engineering Fracture Mechanics 147, 449–467.
Nordgren, R., 1972. Propagation of a Vertical Hydraulic Fracture. Society of Petroleum Engineers Journal 12, 306–314.
Perkins, T.K., L. R. Kern, 1961. Widths of Hydraulic Fractures. Journal of Petroleum Technology 13, 937 – 949.
Warpinski, N., Teufel, L., 1987. Influence of Geologic Discontinuities on Hydraulic Fracture Propagation. Journal of Petroleum Technology ,
209–220.
